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1. Introduction

In this paper, we used optimal geometric averaghnigue for solving extreme point mr-objective
quadratic programming problems. Following indicstene researchers work in this fit

In (1983) Sen., Ch., studiedA new approach for i-objective rural development planning, The In
Economic Journal [3], (1988) -Barzinji, S. H. studied extreme point optimizatidachnique ir
mathematical programming [6], (1989) Sulaiman, N. discussed extreme point of the quadr
programming problem thnique [13], (2006) Sulaiman, N. A. and SadigV&.studied solving the mu-
objective linear programming problem using mean rmedian value [5], (2011) Abdul Rahim, B. K. studl
solving quadratic programming with extreme poirjt [2011) Sulaiman, ., A., and Abdl-Rahim, B., K.,
studied optimal cutting plane procedure for MOQBétnal of koya University [4], (2013) Sulaiman, N
and Abulrahim, B. K. studied arithmetic averag@sfarmation technique to solve m-objective quadratic
programming[2], (2014) Sulaiman, N., A., and AbcRahim, B., K., studied New arithmetic aver:
technique to solve Mulibbjective linear fractional programming problem atel comparison with othe
techniques [7], (2015) Sulaiman, N., A., and Navd&havl. A. usingshorthierarchical method to sol
MOLFPP [8].

2. Some basic definitions:

This section consists sbme definitions which are needed in this p:
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2.1 Quadratic programming (QP):

A quadratic programming (QP) is a special tgpenathematical optimization problem. It is th@lgem
of optimizing (minimizing or maximizing) a quadratifunction of several variables subject to linear
constraints on these variables.

The quadratic programming problem can be fdéated as follows. [10]

Suppose is a positive integer representing the number ofiabées andnis a positive integer
representing the number obnstraints. Supposgeis ann-dimensional real vectoQis ann X
n realsymmetric matrix4 is anm X nreal matrix, ,x is then-dimensional column vector decision
variables ana@ is anm-dimensional real vector.

The quadratic programming problem is:

Optimize f _ 1y T
ptimize (X)_ZX Qx+c'x

Subject to the linear constraints:
<

>

Ax b .. (D)

x = 0.

2.2 Geometric average:

In mathematics, thgeometric mears a type ofmean or average,hich indicates the central tendency or
typical value of a set of numbers by using the pobdof their values (as opposed to the arithmetic
meanwhich uses their sum). The geometric mean is défamethen!” rootof the productof n numbers.
11
[I'hg mathematical form of Geometric Average is:

Geometric Average 3/[11-; x;

Wherex = Individual score anit = Sample size (Number of scores)

2.3 Feasible solution:

A feasible solution to a linear program problema solution that satisfies all constraints. [12]
2.4Extreme point of the QPP:

The extreme point of the quadratic programming |[gnobcan be defined as follows:

1
Max.f =cTx + ExTQx

Subject to:-
Ax=b... (2)

Such thatx is an extreme point of other constraint set

WhereA is(m x n) matrix of coefficients, and, c are(n x 1)vector of constant, b 8n x 1) vector, Q is a
symmetric square matrix, H(js x n) matrix of constant,h is (p X 1) vector, the transpose of the vector
denoted by(T).[14]

3. Multi-objective quadratic programming problem (M OQPP):

The mathematical form of multi-objective quatilr programming problems is:
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Max. f; = %xTle + CTx

Max.f, = %xTsz + CTx

Max.f, = %xTer + Cl'x

... (3)

; 1.1 T
Min. frq = 3% Qr1Xx + Cryax

. _1 7 T
Min. fryp = Ex Qrs2X + Cripx

Min. f; =%xTst+CsTx )

Subject to:

Ax
>

<
=]b . (4)

x=0...(5

WhereQ is an(n x n) symmetric matrix of coefficients; is ann—dimensional vector of decision variables,
C is then—dimensional vector of constantsjs m-dimensional vector of constamsis (m x n) matrix of

coefficients r is number of objective functions to be maximizs @ the number of objective functions to be
maximized and minimized ar(s — r) is the number of objective functions that is miizied,all vectors are
assumed to be column vectors unless trans|(T)gi = 1,2, ... s.

4. Extreme Point Multi-Objective Quadratic Programming Problem (EPMOQPP)
The extreme point of multi-objective quadrgarogramming problem can be defined as follows:
Max.f; = CTx + %xTle

Max.f, = C¥x + %xTsz

Max. f, = CTx +%xTer

.. (6)

; — T 1,7
Min. fryq = Criax +Ex Qrs1X

Min. f,_CTx + %xTQSx

Subject to:-
Ax=b... (7)
Such thatx is an extreme point of other constraint set

Hx=h ...(8)
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x=20 ...(9

For solving the problem of equation (6) the probleaosome as follows:

Max.f; = CTx + %xTle

Max.f, = CFx + %xTsz

P
Max. f, = CTx +ExTer .. (10)

; — T 1.T
Mln-fr+1 - Cr+1x +5x Qr+1x

Min. f,_CTx +%xTst

Subject to:-
Lx =1... (11)
And x>0 .. (12)
A\ . a\.
WhereL = (H) is of ordefp x m) xn,l = (h)IS of ordefp x m) x 1.

Notation used, LeE; = {x: Ax = b andx is an extreme pint &fx = h, x > 0}
AndE, = {x: x is an extreme pint dfx = [,x = 0}.

5. Formulation of (EPMOQPP):

Suppose we obtain a single value correspondirgach of the objective functions of the MOQPRhef
equation (3).They are being optimized individuallpject to the constraints (4) and (5) as follows:

Max.fl = 91
Max.fz = 92
Min.f. =0,

Min. fry1 = 0r4q

Min. f; = 6,
Whered; + 0, i =1,2,...s are values of the objective functions, the deaisiariablemay not necessarily
be common to all optimal solutions in the preseoiceonflicts among objectives. But the common sdts
decision variable between objective functions @eessary in order to select the best compromisgicol

Applied Chandra Sen.'s technique to solve EPMO®@MPRh is of the form:
Max.f = Tios gt = Tiopia g - (13)

And solve it by Wolfe's method with the same caaiats (11) & (12)
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6. Solving EPMOQPP by using Optimal Geometric Averge technique:
We can formulate the combined objective fuorct{10) as follows to determine the common set of

decision variables. Here using Optimal Geometrierage technique for solving EPMOQPP as follows:

Max. f = 2=/2mmli (1)

Subject to the same constraints (11), (12)

Where0G, denotes the optimal geometric average, and céézlbs bellow:

my; = min(OM;), wheréOM;) = |6M;|, anddM; is the maximum value ff Vi =1,2,...,r

m, = min(ON;), wher€ON;) = |6N;|, andoN; is the minimum value ¢f, Vi=r+1,r+2,...,s

(Vn, +°Yn
M, wheres—rZZ\.
yn
0Gy, = | \/2_1 ,  Wheres=r
s—rn2
5 wheres =s—r

Special case A special case will appear when one of the oglivalue is equal to zero. In this
case the algorithm does not work.

6.1 Algorithm for solving EPMOQPP by OptimalGeometric Average technique

We can summarized the following algorithm &t the optimal solution for the optimal CPMOQPP as
follows:
Step 1Assign arbitrary values to each of the individubjeative functions which are to be maximized and
minimized for problem (10).
Step 2Solve each of the objective functions (10) by thelfé/s method [1], for quadratic programming
problems subject to the constraints (11), (12).
Step 3: Check the solutions for feasibility in step 2,hktsolutionsare feasible go to step 4, otherwise, u
dual wolf's method [1], to remove infeasibility.
Step 4Set a name to the solution values of each objediivetionsf; f,, ..., f;, namelydy,8,, ..., 6,
respectively
Step 5Select n; = min(OM;),i =1,2,...,r
n, = min(ONy),i=r+1,r+2,..,s

(w, wheres—rZZ]

And calculatedG, = 4 Mo Wheres=r $  S1 = Xizq fiandS, = Xio 44 fi

2
2
Step 6Construct the combined objective function which theesformula (14).
Step 7:Optimize objective function that became in stepy@/blfe’s method [1] under the same constraints
(11) and (12).
Step 8: If the solution that became in step 7 intersecting E; is not empty thus; terminate,
otherwise go to step 9.
Step 9: Using cutting plane technique by adding a new ttaimt which is constructed by this formula
Xi=ilfil

Clx—=%5_ ., CTx <==22E where, Cfx is a linear part of the maximum and minimum
N

, wheres =s—r

objective functions.
Step 10: Again optimize objective function that became taps6 by Wolfe's method [1] under the new
constraint that we get in step 9 and the consgdirit) and (12).
6.2 Numerical results and Examples:

In this section we constructed some numerical ExesnEPMOQPP) and solved them. But
only two of them presented here.
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Example 6.2.1:Solve the following EPMOQF
Max. f; = —3x? — 4x,x, — 3x2 + 5x; + 3x, + 50
Max. f, = —3x% — 6x1x, — 3x2 + 4x; + 2x, + 45
Max. f3 = =5x% — 10x,x, — 4x2 + 10x; + 10x, + 60
Min. f, = x? + 2x,x5 + x5 — 2x; — 2x, — 40
Min. fs = 7x? + 14x,x, + 7x2 — 14x; — 10x, — 44
Min. fy = 8x% + 16x,x, + 8x2 — 16x; — 12x, — 43
Subject to:-
2x1+x, =2
And (x4, x,) is an Extreme point ¢
3x; + 4x, < 12
2x1+x, < 4
X1,%X3 =0

Solution:

(0,3)

(0.8,2.4)

Feasible
Region

0
(0.0)g 1 2

Figure (6.2.1.1): Feasible RegionExample (6.2.1) before cuttingPle
Solve each of objective function with the same taist by Wolfe's method [1], we g

Table 1: Solution of eacfiof Example 6.2.1

i f; x; oM, OM,=|6M;] oN, OM;=10M,]
1 | 52 (1,0) 52 52

2 | 46 46 46

3 | 65 65 65

4 | 41 -41 41

5 | -51 -51 51

6 -51 -51 51

First usingthe Optimal Geometric Average(OG,) Techniqueto solve Example 6.2.1 by using formi
(14)

Findn, = min(OM;) = 46 - 3/n; = V46 = 3.583048.

Andn, = min(ON;) = 41 - /41 = 3.448217.
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Calculat®G, = " Y = 3515632
Sy = Efi = —11xf — 20x,x, — 10x5 + 19x; + 15x, — 155
i=1

3
S, = Zfl- = 16x% + 32x,x, + 16x2 — 32x; — 24x, — 127
i=1

5,5
Max. f = 106 2
v
_ —27xf — 52x1x, — 26x5 + 51x; + 39x, — 282
B 3.515632
= —7.679985x? — 14.791082x,x, — 7.395541x2 + 14.506638x; + 11.093311x,

+80.213174
So,
Max. f = —7.679985x% — 14.791082x,x, — 7.395541x2 + 14.506638x; + 11.093311x, + 80.213174
Subject to:
2x1+x, =2
3x1 +4x, <12
2x1+x, < 4
X1,X3 20
Solve it by Wolfe's method [1] we g
Max. f = 87.039827at(1,0), but(1,0)is not an extreme point of:
3x1 +4x, <12
2x1+x, < 4
So, using cutting plane technique by adding the censtraint b this formula

( T CTx=%5 . Clx< %) we get

306
51x; +39x, < e

51x; +39x, < 51

(0,0.76)

(0,0)0 02 04 o6 os (L0

Figure 6.2.1.2: Feasible Region while using cutpfane Example 6.2

Thus we get

Max. f = —7.679985x% — 14.791082x,x, — 7.395541x% + 14.506638x; + 11.093311x,
+80.213174

Subject to:
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2x1 + X, = 2
3x; +4x, <12
2x1+x, < 4
51x; +39x, < 51
X1,%X3 20
Solveit again by Wolfe's method [1], beco
Max. f = 87.039827at(1,0), and (1,0)is an extreme point of:
3x1 +4x, <12
2x1+x, < 4
51x; 4+ 39x, < 51
And feasibility of:-
2x1+x, =2
UsingChandra Sen.'s (CA)lechnique[3]to solve Example 6.2.1 the resultMsax. f = 5.862744 at(1,0)
Using modified (mean and median) (MA)Technique [5]to solve Example 6.2.1 we geMax.f =
6.000001 at(1,0) by Mean technique and by Median technique theresMax. f = 6.243311 at(1,0),
Using optimal arithmetic average (OA,)technique [2}o solve Example 6.2.1, the result Max. f =
7.034483 at(1,0).
Example 6.2.2:Solve the following EPMOQF
Max. f; = —x? — 2x,x, — 2x5 + 6x; + 10x, + 134
Max. f, = —2x% — 2x1%, — 3x2 + 8x; + 14x, + 126
Min. f3 = 2x? + 4xyx, + 2x2 — 12x; — 12x, — 100
Min. fy, = x% + 4x,x, + 2x2 — 12x; — 14x, — 120

Subject to:-
X1 +x; <3
And (x4, x,) is an extreme point of
2x; +x, < 4
X1,X3 =0

Solution:-
a ¢ (0,4)

Feasible
Region

0.5

D
(0.0) 0.5 1 1.5 2

Figure (6.2.2.1): Feasible region of Example (§.B&fore cuttin
Solve each of objective function with the same tast by Wolfe's method [1], we g

Table 2: Solution of eacfiof Example 6.2.2

| f, x; oM, OM=|0M]| oN, OM,=|0M,|
1 147 1,2) 147 147

2 144 144 144

3 -118 -118 11¢

4 -143 -143 142
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First using theOptimal Geometric Average(OG,,) Techniqueto solve Example 6.2.2 by using formi(14)
the result iMax. f = 48.28809 at (1,2), but (1,2)is not an extreme poin

2x1 +x, <4
So, using cutting plane techniqueadding new constraint

552
38x; +50x, < —— = 138

(0,3.6)

0.5

D
(0,00 0.5 1 15 2

Figure (6.2.2.2): Feasible region of Example (6.2.8sing cuttingplane

Thus we geMax. f = 48.28809at(1,2), and (1,2)is an extreme point of:

21 +x, < 4

38x; + 50x, < 138

And feasibility of:

X1 +x, <3
UsingChandra Sen.'s (CA)Technique[3] to solve Example 6.2.2 the resuliMax. f = 4.000004 at(1,2),
Using modified (mean and median) (MA)Technique [5]to solve Example 6.2.2 we ¢
Max. f = 4.000003 at(1,2),
Using optimal arithmetic average (CA,) technique [2] to solve Example 6.2.2 the resultMax. f =
4.213731 at(1,2).

Table 3: Compare between results obtained tG,), (CA), (MA)& (OA,) Technique

Modified Technique

Exam Chandra Sen.’s Optimal Arithmetic | Optimal Geometric
ples Technique Using Mean |Usin Median Average Technigt | Average Technique
EX. | Max.f Max. f Max. f Max. f Max. f

6.2.1 | =5.862744 = 6.000001 = 6.243311 = 7.034483 = 87.039827

x1=1,x2=0 x1=1,x2=0 x1=1,x2=0 x]_:].,xz:O x1=1,x2=0
EX. | Max.f =4.000004 Max. f Max. f Max. f Max. f = 48.28809
6.2.2 X =1,x,=2 = 4.000003 = 4.000003 = 4213731 X =1,x, =2
X1 = 1,x2 = 2 X1 = 1,x2 = 2 X1 = 1,x2 = 2

7. Conclusion:

The new technique used (optimal geometric avertmejolve EPMOQPP. In the proposed appro
transform extreme point multibjective quadratic programming problem into exegooint singl-objective
quadratic programming problem by optimal geomednelage technique; then Wolfe’s method [1] used to
solve the problem; and for getting the optimal eaitu one of the extreme point for constraints usting
plane techniquelhe results obtained by this method have a gooeeagent with the results thattained by
other methodsThe main advantage of the proposed technique terbibian other techniques as showi
table (3).
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